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LEXICOGRAPHIC PRODUCTS AS COMPACT SPACES OF THE
FIRST BAIRE CLASS
ANTONIO AVILE´S AND STEVO TODORCEVIC
Abstract. We use lexicographic products to give examples of compact spaces
of first Baire class functions on a compact metric space that cannot be repre-
sented as spaces of functions with countably many discontinuities.
1. Introduction
A compact Hausdorff space can be always represented as a compact set of func-
tions f : X −→ R on a certain set X , in the pointwise topology.
Definition 1. A compact spaceK is Rosenthal if it can be represented as a compact
set of functions f : X −→ R of the first Baire class on a Polish space X .
We consider the following two subclasses of the class R of Rosenthal compacta:
• K belongs to the class RK if K can be represented as a compact set of
functions f : X −→ R of the first Baire class on a compact metric space X .
• K belongs to the class CD if K can be represented as a compact set of
functions f : X −→ R with countably many discontinuities on a compact
metric space X .
We have that CD ⊂ RK ⊂ R. Let us mention that any pointwise compact set
of functions with countably many discontinuities on a Borel subset X of a Polish
space belongs to the class CD [6, Proposition 1]. The class CD was considered by
Haydon, Molto´ and Orihuela [4], who proved that the space of continuous functions
C(K) admits a locally uniformly rotund renorming whenever K is separable and
K ∈ CD. There is a nonseparable Rosenthal compactum for which C(K) fails to
have a LUR renorming [9], but it is unknown if such a renorming exists for all
separable Rosenthal compacta.
Although the main result was stated for the class CD, it was left unclear in [4]
whether this class could coincide with the whole class of Rosenthal compacta. This
is not the case, as Pol [7] gave an example of compact space inR\RK. This example
is a continuous image of the split interval, obtained by glueing back together all
twin couples of a true coanalytic set of points of the unit interval. We will show in
this note that the classes CD and RK are also different. The lexicographic product
of three closed intervals, endowed with the order topology, serves as an example.
This space is nonseparable, but we will see that this kind of lexicographic products
can be supplemented to create a separable Rosenthal compactum in the class RK0:
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Definition 2. K belongs to the class RK0 if K can be represented as a compact
set of functions f : X −→ R of the first Baire class on a compact metric space X ,
which is the closure of a countable set of continous functions on X .
This subclass of Rosenthal compacta is the most closely connected to Banach
space theory. A compact space K belongs to RK0 if and only if it is homeomorphic
to a weak∗ compact subset of E∗∗ for some separable Banach space E that does
not contain ℓ1, cf. [5].
Although they do not belong to the class CD, we will see that small lexicographi-
cal products are subspaces of continuous images of compact separable spaces in CD.
We do not know if every separable Rosenthal compactum is a continuous image of
a separable compact space in CD.
Our key observation is that a compact space in the class CD can be mapped onto
a metric space in such a way that preimage of every point is a Corson compactum.
This is the topological propery that will be killed in order to check that the examples
provided are not in CD.
We may mention here that there has been a study, completed in [2], of which
linearly ordered spaces can be represented as functions of the first Baire class with
the pointwise order. This gives a class of linear orders that is substantially larger
than countable lexicographic products of intervals. It should be noted, however,
that the property that we are studying here is rather different because we are
looking at the topology rather than the order, and compactness is essential.
2. Mappings onto metric spaces with small fibers
Given a class C of compact spaces, we say that a compact space K is a C-to-one
preimage of a metric space if there exists a continous function f : K −→M onto a
metric spaceM such that f−1(x) ∈ C for every x ∈M . The two-to-one preimages of
metric spaces (when C are the spaces of at most two points) are involved in several
structural results for separable Rosenthal compacta [8], and some generalizations
exist for finite-to-one preimages [1]. We will consider now the class of Corson
compacta. A compact space K is Corson if can be represented as compact subset
of a power K ⊂ RI in such a way that for every x, y ∈ K, the set {i ∈ I : xi 6= yi}
is at most countable.
Proposition 3. If K is a compact set of functions with countably many disconti-
nuities on a Polish space, then K is a Corson-to-one preimage of a metric space.
Proof. Let K be a pointwise compact set of functions f : X −→ R, with X a Polish
space. Fix a countable dense set D ⊂ X . The restriction map r : K −→ RD gives
a continuous map into a metric space. If r(f) = r(g), then f and g coincide on
the points of common continuity of f and g, since they coincide on D. Thus, all
functions in a given fiber F = r−1(r(f)) coincide with f in all but countably many
points. This implies that each fiber is a Corson compactum. 
3. lexicographic order and first Baire class functions
Let us fix a countable ordinal α < ω1. We consider the countable power {0, 1}
α,
which is a compact metrizable space when endowed with the product topology. We
also consider the lexicographic order ≺ on it, x ≺ y when xβ < yβ for the first
ordinal β where xβ 6= yβ . Define
3Hα = {f : {0, 1}
α −→ [0, 1] : x ≺ y ⇒ f(x) ≤ f(y)} .
Lemma 4. Hα is a Rosenthal compactum. Moreover, Hα is a subspace of a sepa-
rable compactum of the class RK0.
Proof. It is clear that Hα is a pointwise closed set of functions. If f 6∈ Hα, then
there exist x ≺ y such that f(y) < f(x); taking f(y) < r < f(x), the set {g : g(y) <
r < g(x)} is a neihborhood of f that contains no element of Hα. We check now
that each f ∈ Hα is of the first Baire class. It is enough to see that J = f
−1(I) is
an Fσ set for every open interval I ⊂ [−1, 1]. The set J is an interval of the order
≺, in the sense that if a < b < c and a, c ∈ J , then b ∈ J . The lexicographic order
of {0, 1}α is complete, and therefore every interval can be written in the form [a, b],
[a, b), (a, b] or (a, b), where a and b are the infimum and the supremum of J . We
will prove that open intervals J = (a, b) are Fσ, and therefore all intervals are Fσ.
We have that
{x : x ≺ b} =
⋃
β<α
{x : xβ = 0, bβ = 1, xγ = bγ for γ < β}
is a countable union of closed sets. Similarly, {x : a ≺ x} is an Fσ as well, and
therefore (a, b), the intersection of the two previous sets, is Fσ as well.
This completes the proof that Hα is a Rosenthal compactum. We have to find
now a countable set D of continuous functions on {0, 1}α whose pointwise closure
is made of functions of the first Baire class, and contains Hα. Since α is countable,
it can be written as the union of an increasing ω-chain of finite sets: We write
α =
⋃
n<ω An with A0 ⊂ A1 ⊂ · · · and each Ai a finite set. For each n < ω, let
Dn = {f : {0, 1}
α −→ [0, 1] ∩Q : x|An  y|An ⇒ f(x) ≤ f(y)} .
Here z|An = (zβ)β∈An ∈ {0, 1}
An denotes the restriction to the cube {0, 1}An,
that is viewed with the corresponding lexicographic order. The set D =
⋃
n<ω Dn
is the one we are looking for. First notice that a function f ∈ Dn satisfies that
x|An = y|An ⇒ f(x) = f(y), and this implies that f is continuous. This obervation
also shows that D is countable. Now we prove that every function in the pointwise
closure of D is of the first Baire class. Every such function g is the limit through
an ultrafilter U of D. If there exists n such that Dn ∈ U , then g : {0, 1}
α −→ [0, 1]
would keep the property that x|An  y|An ⇒ f(x) ≤ f(y), and we noted that
this implies continuity. The other possibility is that Dn 6∈ U for all n. We prove
that in this case g ∈ Hα. Suppose that x ≺ y, so that there is β < α such that
xβ = 0 < 1 = yβ, while xγ = yγ for γ < β. Find n such that β ∈ An. Notice
that x|Am ≺ y|Am for all m ≥ n. Hence f(x) ≤ f(y) whenever f ∈
⋃
m≥nDm ∈ U .
This property would be preserved in the limit, so g(x) ≤ g(y), and this shows that
g ∈ Hα. The only thing that remains to be proven is that Hα ⊂ D. For this, fix
an element f ∈ Hα, and a basic neighborhood of f of the form
W = {g : {0, 1}α −→ R : |g(x)− f(x)| < ε for all x ∈ F}
where ε > 0 and F is a finite subset of {0, 1}α. For each different x, y ∈ F let γ(x, y)
be the least ordinal γ < α such that xγ 6= yγ . Find n < ω such that γ(x, y) ∈ An
whenever x, y ∈ F , x 6= y. In this way we have that, for x, y ∈ F , x ≺ y if and only
if x|An ≺ y|An . We define g˜ : {0, 1}
α −→ [0, 1] as
g˜(x) = f (min{y ∈ F : x|An  y|An}) .
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We have that f(x) = g˜(x) when x ∈ F , and x|An ≺ y|An always implies that
g˜(x) ≤ g˜(y). In order to get a function g ∈ W ∩ Dn as desired, we only need to
make a small correction of the finitely many values of g˜ to make them rational. 
We denote as ([0, 1]β, τ≺) the compact space [0, 1]
β when endowed with the order
topology of the lexicographic product order ≺.
Proposition 5. For every countable ordinal β < ω1, the compact space ([0, 1]
β, τ≺)
is a Rosenthal compactum that is a subspace of a separable Rosenthal compactum
in the class RK0.
Proof. We prove this by induction on β. First we consider the case in which β =
α+ 1 is a successor ordinal. We consider the ordinal product
α · ω = {γ · ω + n : γ < α, n < ω} .
Let π : 2ω −→ [0, 1] be the standard surjection π(x) =
∑
n<ω 2
−n−1xn, and
̟ : {0, 1}α·ω −→ [0, 1]α
given by
̟(x) = (π(xβ·ω+n)n<ω)β<α.
This function is nondecreasing with respect to the lexicographic orders and contin-
uous with respect to the induced order topologies. Now we define φ : [0, 1]α+1 −→
Hα·ω by
φ(x)(y) =


0 if ̟(y) ≺ x
̟(x)α if ̟(y) = x
1 if ̟(y) ≻ x.
This is a homeomorphic embedding of ([0, 1]α+1, τ≺) inside Hα·ω. If β is a limit
ordinal, then we can embed ([0, 1]β, τ≺) inside
∏
γ<β([0, 1]
γ+1, τ≺). The product
over γ < β is now endowed with the product topology, the embedding is just
given by restrictions x 7→ (x|γ+1)γ<β. The class RK0 is closed under countable
products. 
Lemma 6. Let L1 and L2 be two complete linear orders, and L1 × L2 its lex-
icographic product, endowed with the order topology. If L1 is uncountable and
f : L1 × L2 −→ M is a continuous function onto a metric space, then there exists
x ∈M such that f−1(x) contains a copy of L2.
Proof. Since M is a compact metric space, it has a countable basis of open Fσ
sets. Taking preimages, there is a countable family F of open Fσ sets in L1 × L2
such that if f(x) 6= f(y) then x and y are separated by elements of F . Since open
intervals (a, b) form a basis for the topology of L1 × L2, there is also a countable
family {(an, bn) : n < ω} of open intervals such that if f(x) 6= f(y) then x and y
are separated by these intervals. Since L1 is uncountable, there exists t ∈ L1 that
is not the first coordinate of any an or bn. Then f(t, s) = f(t, s
′) for all s, s′ ∈ L2,
and this provides a copy of L2 inside the preimage of a point. 
Corollary 7. Let L1 and L2 be two complete linear orders, and L1 × L2 its lexi-
cographic product, endowed with the order topology. If L1 is uncountable and L2 is
not metrizable, then M is not a Corson-to-one preimage of a metric space
5Proof. It follows from the previous lemma, just remember that a linearly ordered
Corson compactum is metrizable [3]. 
The split interval or split Cantor set, the lexicographic products [0, 1]×{0, 1} or
{0, 1}ω+1, are not metrizable in the order topology, therefore:
Corollary 8. ({0, 1}ω·2+1, τ≺) and ([0, 1]
2×{0, 1}, τ≺) are not Corson-to-one preim-
ages of metric compacta.
The above spaces, and the spaces in RK0 in which they are contained, are
examples of spaces in RK0 \ CD.
4. Continuous images
Remember that a compact space K is in the class CD if and only if it is a
pointwise compact set of functions with countably many discontinuities on a Polish
space. An observation that we are going to use is that this class is closed under
countable products. Indeed, if Kn is a compact set of functions with countably
many discontinuities on Xn, then
∏
nKn can be represented as the family of all
functions on the disjoint topological discrete union X of the Xn’s such that f |Xn ∈
Kn for all n.
Proposition 9. For every α < ω · ω, the compact space Hα is a subspace of a
continuous image of a separable Rosenthal compact space in the class CD.
Proof. We will need some extra notation to deal with the spaces described in
Lemma 4. Given α < ω1, B ⊂ α and F ⊂ [0, 1], let
D[α,B, F ] = {f : {0, 1}α −→ F : x|B  y|B ⇒ f(x) ≤ f(y)}.
If A∗ = (An)n<ω is a tower of finite sets A0 ⊂ A1 ⊂ · · · such that
⋃
An = α, then
we define
H[α,A∗, F ] =
⋃
n<ω
D[α,An, F ] =
⋃
n<ω
D[α,An, F ] ∪ D[α, α, F ].
The second equality was checked inside the proof of Lemma 4. What we must
prove is that H[α,A∗, [0, 1] ∩ Q] is a continuous image of a separable space in CD.
Let us prove first that H[α,A∗, F ] is a continuous image of a separable space in CD
when F is finite. When α < ω, then all functions in H[α,A∗, F ] are continuous and
we are done. When α = ω, then the functions in H[α,A∗, F ] are either continuous
or lexicographically monotone on {0, 1}ω, so they have finitely many points of
discontinuity and we are done again. For the rest of ordinals α < ω · ω, it is
enough to check that if the result holds for β and γ, then it also holds for the
ordinal sum α = β + γ. It is convenient to consider γ˜ = {β + ξ : ξ < γ} instead
of γ. We take G ⊂ [0, 1] a finite set whose cardinality is twice the cardinality of
F . Given A∗ a tower of finite sets that covers α, we take B∗ = (An ∩ β)n<ω,
which covers β, and Γ∗ = (An ∩ γ˜)n<ω , which covers γ˜. For f ∈ H[β,B∗, G] and
g ∈ H[γ˜,Γ∗, G], we consider the product function f × g : {0, 1}
β+γ → G×G given
by f × g(x, y) = (f(x|β), g(y|γ˜)). We have that
H[α,A∗, F ] ⊂ {σ ◦ (f × g) : f ∈ H[β,B∗, G], g ∈ H[γ˜,Γ∗, G], σ : G×G −→ F} .
The assignment (f, g) 7→ σ ◦ (f × g) is continuous, and the above shows that
H[α,A∗, F ] is covered with finitely many continuous images of the product space
H[β,B∗, G]×H[γ˜,Γ∗, G]. So H[α,A∗, F ] will be a continuous image of a separable
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space in CD if both H[β,B∗, G] and H[γ˜,Γ∗, G] are so. Finally, we deal with the
case of the full H[α,A∗, [0, 1] ∩ Q]. We take [0, 1] ∩ Q = F0 ⊂ F1 ⊂ F2 ⊂ · · · a
tower of finite sets whose union is [0, 1] ∩ Q. For each f : {0, 1}α −→ R, define
fn(x) = inf{a ∈ Fn : f(x) ≤ a}. Then, the assignment f 7→ (fn)n<ω embeds
H[α,A∗, [0, 1] ∩Q] inside the countable product
∏
n<ωH[α,A∗, Fn]. 
It follows from the proof of Proposition 5 that the lexicographical products [0, 1]α,
for α < ω, are also continuous images of separable Rosenthal compact spaces in the
class CD. We do not know what happens for larger countable ordinals.
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